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Abstract- - In  [1] Parks showed that there exists a minimum time T within which a free, taut, 
vibrating string of finite length can be brought o rest. The string is fastened at the end z = 0, 
and the position of the string at the end x -- 1 is assumed to be controlled as a given continuously 
differentiable function of time. 
In this paper we show that if, in addition, the string is under an external force F(x, t), a similar 
result can be obtained provided that F satisfies a certain condition. 
1. INTRODUCTION 
Consider the init ia l -boundary value problem 
uu-ux~=F(x , t ) ,  0<x<l ,  t>0,  
u(x, o) = f(~),  o < x < 1, 
ut(x,  O) = g(x), 0 < x < 1, 
u(O, t) = hit), t > O, 
~(1,t) = ~(t), t > o. 
(1.1) 
We seek a min imum t ime T > 0, such that  for any initial data f in C2[0, 1], g in CI[0, 1], h in 
C2[0, +c~) and F in C I (R)  where /~ is the closure of 
R = {(x, t):  0 < x < 1, t > 0}, 
there exists a control function # such that  the solution of (1.1) satisfies 
(1.2) 
u(x ,T )  = O, 0 < x < 1, 
u t (x ,T )  = 0, 0 < x < 1. (1.3) 
The problem (1.1), (1.2) for the case F -- 0 in /~, h - 0 in [0,cx)) has been studied by 
Parks [1] using among others, the method of characteristics. This method applied to (1.1), (1.2) 
with F - 0, h - 0 has reappeared in [2] with more details regarding the smoothness conditions 
of the solution and the data. 
In what  follows, we shall be interested in a solution u in C2(R) (1 CI (bR)  for (1.1), (1.2). We 
will show that  under the "admissibil ity conditions" (see {2]) on f ,  g, h and F,  there exists a 
unique function # in C 1 [0, 2] such that  T = 2 is the min imum t ime required to bring the str ing 
to the posit ion formulated by (1.2). 
2. THE CONTROL FUNCTION 
Assume first that  the min imum t ime is T = 2. Noting that  
d 
uu - uxx = ~ (ut + ux) = F (x ,  t), along x + t = const., 
d 
utt - uxx = -~(ut - u~) = F (x , t ) ,  along x - t = const., 
(2.1) 
(2.2) 
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Figure 2.1. The  characteristics x + t = const, and  x - t -- const, as paths of integration of the 
equation utt - ux= = F(z ,  t) .  
we integrate the differential equation of (1.1) along characteristics x+t = const, and x - t  -- const. 
to obtain u= along the lines x = 0 and z = 1 as follows (see Figure 2.1) 
f' ut (x , t )+ux(x , t )=-  F (x+t - r , r )d r ,  2<x+t<3.  (2.3) 
Therefore at the point (1,t), we have 
S ' Uz(1, t) ----- -D/(t) -- F(1 q- t - T, "r) dr, 1 < t < 2. (2.4) 
Integrat ion of (2.2) along the line x - t = const, above the characteristic x - t = -1  yields 
ut (x , t ) -ux(x , t )=-  F (x - t+r , r )d r ,  -2<x- t<- l ,  (2.5) 
and along the t-axis 
f' uz(O, t) = h'(t) + F( r  - t, T) dr, 1 < t < 2. (2.6) 
Integrat ing (2.1) along x + t = coast., between the characteristics x + t = 2 and x + t = 1, and 
using (2.6) we have 
f2 /x+t ut(x,t)+ux(x,t 5 = 2h'(x+t)+ F (v - t -x ,T )dr  F(x+t-v ,v)dv,  1 < x-t-t < 2. 
-t-t - - J r  - -  - -  
(2.75 
From (2.7) we have 
f l  f lq - t  ux(1,t)  = 2h'( l+t)-#'(t)+ F (~ ' - l - t ,v )dr -  F(l+t-7,~')d% 0 < t < 1. (2.8) 
+t dt 
We integrate (2.2) along the line x - t = const., between the characteristics x - t = -1  and 
x - t = O, and use (2.4 5 to obtain 
f t  ~ f t - z+ l  ut(x, t ) -uz(x, t )  = 2/~' ( t -  x + 1) + F(2+t -x -%r)dr -  F ( r+x- t , r )d r ,  
z+l , I t  
- l<_x - t<O.  (2.9 5 
Q, 
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Figure 2.2. The last integrat ion paths  x + t = const, and x - t = const, that  determine /~.  
The relation (2.9) also yields 
s: u~(O,t) = h ' ( t ) -  2~'(1 +t ) -  1 F(2+t - - r ' r )d r+J t  t+ lF ( r - t ' r )d r '  0 < t < 1. (2.10) [ 
Finally, integrations of (2.1) and (2.2) along the characteristics x + t = const, and x -  t = const. 
(see Figure 2.2) yield 
// ut (x , t ) -ux(x , t )  =2#' ( l+t -x ) -2h ' (2+t -x ) -  F ( r -2 - t+x , r )dr  
+t-z 
12+t-x I l+t-z -4- F(2-4-t--X--T,T)dT-- F(x-tA-7",7")dT, O<x-t<l, (2.11) 
d l+t - -x  J t 
and 
~ 2 ut (x , t )+ux(x , t )=2h ' (x+t ) -2#' ( l+x+t) -  F (2+x+t - r ,v )dr  
+t+l 
fx+t+l fx+t 
+ F( r -x - t , r )dv -  F (x+t -7" ,T )dr ,  0<x+t<l ,  (2.12) 
Jx-~-t J t  
where we have also substituted the values of ux at Q and Q~ from (2.8) and (2.10), respectively. 
We can now use (2.11) and (2.12) to find the function # by evaluating ut - ux and ut + uz at 
P and P', respectively. Therefore, 
~t'(1 - x) = ~ g(x) - f (x )+2h ' (2 -x )+ F ( r -2+x,T )dr -  F (2 -x -%~' )dv  
/o } + F(x+r , r )  dr , O<_x<_l, 
{ /: ~'(1 -b x) = ~1 --g(X) -- f'(X) + 2h'(x) - +1 F(2 + x - 7", r) dr - - ,  F(v - x, r) dr 
f } - F (x - r , r )d r  , 0_<x_<l .  
52 N. IUNmAaABT 
Or, if we define H, K, and G as follows 
f ½{g(1 - t) -/'(i - t)}, H(t) ! -½{g( t  - 1) + fl( t - 1)}, 
h'(l÷t), 0_ t_<l ,  
Kit)= h'(t-1), l<t<2,  
0<_t_<l, 
1_<t<_2, 
G(t)  = 
then we have 
i {f:.i.l F(.7. - I - t,T)dT -- ft t't'l F( I  ÷t - -  r, #') d'r 
+/oF(1-t +~,~')dr}, 
½ {-::F(t + 1- ~,~)d~ +/~_~ F(~- + 1 -  t,~-) d~- 
-/~-iF(t- 1-~,r)d,}, 
O~t<l ,  
1<:t__2,  
(2.13) 
2 
#(t) = - {His ) 4- K(s) + G(s)} ds, 0 <_ t _< 2. (2.14) 
The functions f ,  g, h, and F will be arbitrary up to certain conditions that are described below. 
3. COMPATIB IL ITY  AND SMOOTHNESS CONDIT IONS 
The compatibility conditions at the comers (0, 0) and (0, 2) imply 
1(0) = a(0), 
We will have p(0) = 1(1) if 
The condition/~'(2) = 0 is satisfied if 
g(0) = h'(0), h(2) = h'(2) = O. (3.1) 
~0 2 G($) = (3.2) ds O. 
/o I g(1) +/ ' (1)  = 2h'(1) + F i r  - 1, 7") d7 - F(1 - ~', r) d'r, (3.3) 
and #'(0) = g(1) is also satisfied if (3.3) is true. For the continuity of p' and #" at t = 1, we 
must have 
g(0) = 0, f'(0) = F(0, 0) ÷ h"(0). (3.4) 
In order to guarantee that u E Ca(R), we must have ut + uz, ue - ux, (~ - a ~)  uand 
@ 2 (~ - ~)  ~ continuous in R by the same argument as in [2]. For the continuity of ~ + ~,~ 
and ut - ux given by (2.3), (2.7), (2.12) and (2.5), (2.9), (2.11), respectively, it suffices that 
#'(2) ---- h'(2) ---- O. Using the Leibnitz differentiation rule, the continuity of (~  + ~)2  and 
8 2 (~ - ~) u is insured if 
h"(2) = F(0,2), #"(2) = F( I ,2),  (3.5) 
// /o g'(1)  + f ' (1 )  -- 2h"(1)  - F , ( r  - 1, r )  d r  - F , (1  - r, r )  d r  - 2F (0 ,  1). (3.6) 
In summary, if we choose F such that the condition (3.2) is satisfied, then f ,  g and h must 
have the properties: 
I. /(0) = h(0), g(0) = h'(0) = 0, h(2) = h'(2) = 0; 
II. if'(0) --. F(0,0) + h"(0); 
III. g(1) +/ ' (1)  = 2h'(1) + f~ F(r  - I, r) dr - fo I F(I  - 7", r) dr; 
IV. g'(1) + if'(1) = 2h"(1) - f~F=(r  - 1,~-) dr - /o I  F=(1 - r, ~-) d'r - 2F(0,1); 
V. h"(2) -- F(0,2), #"(2) = F(1,2); 
so that the solution u of (1.1), (1.2) belongs to C2(R) n CI(aR) for 0 < t < T. 
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Figure 4.1. The  case T < 2, where u in the tr iangular  egion is obtained in two ways. 
4. THE MINIMUM TIME 
The functions f ,  g, h, and F are said to belong to the set of admissible functions if they are 
smooth in the sense that 
A. f e C2[0,1], g e CI[0,1], h E C2[0,oo), F • C1(/~); and 
B. they satisfy the conditions (3.2) and I-V. 
If T < 2, then the same argument as in [2] shows that the solution u in the region bounded by 
the two characteristics x + t = 1, x - t = 1 - T and the line x = 0 (see Figure 4.1) is given 
by both 
1 
and 
1 f ~ F (a , r )dadr  +1 1 [t+x u(x, t) = 5 ~ [f(x + t) - f ( t  - x)] + 5 J t -x g(a) da + h(t - x), 
which violates the admissibility condition of f ,  g, h, and F. 
THEOREM 4.1. Let the functions f ,  g, h, and F satisfy the admissibility conditions A and B. 
Then there exists a function # • C2[0,oo) such that T = 2 /s the minimum time for which 
the problem (1.1), (1.2) has a solution in C2(R) N C'(R). The function # is given by (2.14) 
for 0 <_ t <_ 2 and is extended as a continuously differentiable function of t, but arbitrarily 
over  (2, +c~). 
NOTE 4.1. An example of 8 function F satisfying the conditions (3.2) is F(x, t) ~- const. 
NOTE 4.2. I f  F -- O for O <_ x < 1, t > 2 and h = ~ = O for t >2,  then u - O for O <_ x <_ 1, 
t > 2, i.e., the string comes to a standstill. 
NOTE 4.3. As pointed out in [1], for T > 2, certain arbitrariness appears in the control function 
p over [0,2]. The problem (1.1), (1.2) can be made determinate if uz is prescribed at x = 0 
for 1 < t < T -1 .  
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